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A B S T R A C T

In this paper the rocking response of a rigid block randomly excited at its foundation is examined. A nonlinear
flexible foundation model is considered accounting for the possibility of uplifting in the case of strong
excitation. Specifically, based on an appropriate nonlinear impact force model, the foundation is treated as
a bed of continuously distributed springs in parallel with nonlinear dampers. The statistics of the rocking
response is examined by an analytical procedure which involves a combination of static condensation and
stochastic linearization methods. In this manner, repeated numerical integration of the highly nonlinear
differential equations of motion is circumvented, and a computationally efficient semi-analytical solution is
obtained. Comparisons with pertinent Monte Carlo simulations demonstrate the efficiency and reliability of
the proposed approach. Finally, the survival probability related to toppling of the blocks subject to filtered
white noise excitation is investigated, for different kinds of block geometries, foundation materials, and filter
parameters.

1. Introduction

Rocking motion, a complex phenomenon related to the behavior of
block-like structures allowed to rock due to base excitation has been
extensively studied over a period of several decades. In this regard, con-
siderable research efforts have been devoted to determining the rocking
response of structures not rigidly connected to their foundations. Rep-
resentative examples are oil tanks [1]; pieces of machinery [2,3]; and
museum exhibits [4] of marble ancient structures [5,6]. Nevertheless,
the problem remains technically challenging due to, inter alia, the
potential beneficial effects induced by base uplifting occurring during
rocking motion, as exploited for the design of several bridges [7–10].

Several alternative analytical models have been proposed to study
rocking dynamics. However, two models are primarily used to de-
scribe the rocking of rigid bodies subjected to ground motion; they
are two-dimensional, and afford a reasonable representation of the
phenomenon. The first model, henceforth referred to as the Housner
model (HM) [1], deals with the motion of a rigid block rocking about
its base corners on a rigid foundation [7,11–14]. In this regard, piece-
wise analytical solutions have been obtained both for the free-rocking
case [15], and for harmonic base excitation [16]. The second model,
known as the Winkler foundation model (WFM), deals with the motion
of a rigid block rocking on a flexible foundation of distributed linear
vertical springs and dashpots [17]. In this regard, several authors have

∗ Corresponding author.
E-mail addresses: alberto.dimatteo@unipa.it (A. Di Matteo), antonina.pirrotta@unipa.it (A. Pirrotta), gebel-es@mail.ru (E. Gebel), spanos@rice.edu

(P.D. Spanos).

analyzed several aspects of this model, providing results for the case of
harmonic and earthquake base excitations [17–19], as well, insight on
the coupled effect of sliding and uplifting [20].

Note that, considering the inherent stochastic nature of the seismic
excitation, several authors have analyzed the rocking response in case
of random base motion, although to a lesser degree with respect to the
case of deterministic excitation. Specifically, some analyses considering
the HM are reported in [21–27], while some studies considering the
WFM can be found in [28,29].

Further, recent studies have pointed out the strong effect of dif-
ferent foundation materials on the rocking dynamics, which may lead
in some cases to counterintuitive responses [11,30], especially when
flexible foundation materials are employed. In this regard, to better
understand this complex phenomenon, as well as to take into account
aspects which may arise during the rocking motion of rigid blocks
on flexible foundations, recently in [31] a nonlinear model has been
used for the base-foundation interaction. Specifically, the Hunt and
Crossley nonlinear impact force model [32] has been adopted, and the
foundation has been treated as a bed of continuously distributed linear
tensionless springs in parallel with nonlinear dampers.

In this paper, based on the aforementioned study, the random
rocking response of rigid blocks on the proposed nonlinear foundation
model is considered. Specifically, both the cases of time-modulated
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white noise and filtered white noise excitations, possessing the com-
monly employed Tajimi–Kanai power spectral density (PSD), are con-
sidered for the horizontal ground acceleration. In this manner a com-
bination of the statistical linearization, and of the static condensation
approaches is employed to derive a computationally treatable equation
governing the evolution of the rocking response statistics. The accuracy
of the procedure is assessed via pertinent Monte Carlo simulation
data using as model parameter values those obtained from previous
experimental studies [31]. Finally, the survival probability related to
toppling of blocks with different dynamic characteristics (geometry and
foundation materials) is examined via Monte Carlo analyses. In this
case, time-modulated filtered white noise excitations with PSD of the
Tajimi–Kanai type are used to examine whether spectra with the same
variance but different peak frequencies lead to variations of the survival
probabilities of the blocks depending on their dynamic characteristics.

2. Mathematical formulation

Consider a rectangular rigid block with mass m, and polar moment
of inertia 𝐼𝑐𝑚 about the center of mass cm, as shown in Fig. 1(a). The
variable R denotes the distance of the base corners from the center of
mass, situated at height h above the base of width 2b. Further, let 𝜃𝑐𝑟
be the critical tilt-angle, that is, the maximum angle to which the block
can be tilted without overturning under the action of gravity, g, alone.

To simplify the ensuing analysis, the center of the base cb is re-
stricted to vertical relative motion only [17]. Two generalized coordi-
nates are employed to define the configuration of the block with respect
to the foundation, as in Fig. 1(b). Specifically, the vertical displacement
𝑧𝑐𝑏 (𝑡) of the center of the base cb from the undeformed surface of the
foundation (positive downward), and the rotation 𝜃 (𝑡) of the block from
its static equilibrium position (positive clockwise), are used. Further,
if the foundation is exposed to a horizontal acceleration, �̈�𝑔 (𝑡), and
vertical acceleration, �̈�𝑔 (𝑡), omitting henceforth the dependence from
time 𝑡, the equations of motion are

𝑚�̈�𝑐𝑏 + 𝑚ℎ
(

�̇�2 cos 𝜃 + �̈� sin 𝜃
)

+ 𝐹𝑐𝑏 − 𝑚𝑔 = 𝑚�̈�𝑔 (1)

and
(

𝐼𝑐𝑚 + 𝑚ℎ2
)

�̈� +𝑀𝑐𝑏 + 𝑚ℎ
(

�̈�𝑐𝑏 − 𝑔
)

sin 𝜃 = 𝑚ℎ
(

�̈�𝑔 cos 𝜃 − �̈�𝑔 sin 𝜃
)

. (2)

In these equations a dot over a variable denotes differentiation with
respect to time, 𝐹𝑐𝑏 is the resultant vertical contact force, and 𝑀𝑐𝑏 is
the induced moment of the contact force with respect to cb.

Eqs. (1) and (2) are the general equations of rocking when no sliding
occurs. As it is apparent from these equations, the rocking phenomenon
is strongly influenced by the kind of foundation considered, which is
accounted for in the terms 𝐹𝑐𝑏 and 𝑀𝑐𝑏. In this regard, the Winkler
foundation model (WFM), that is a flexible foundation of distributed
linear springs and dashpots, is widely used in literature [17]. Alter-
natively, a nonlinear foundation model can be employed. Specifically,
following the approach in [29,31], it is reasonable to treat the foun-
dation as a bed of continuously distributed and independent parallel
springs and nonlinear dampers, with stiffness coefficient k (force units
per unit width of base per unit vertical deformation), and damping
coefficient 𝜆 (force units per unit width of base per unit vertical
deformation velocity and per unit vertical deformation), respectively
(Fig. 1(b)).

In this case, taking into account the possibility of uplifting condition
occurring whenever one of the base corners (A or B) rises above the
ground level, the impact/contact force 𝐹𝑐𝑏 and the moment 𝑀𝑐𝑏 in Eqs.
(1), (2) can be expressed as

𝐹𝑐𝑏 = 2𝑏𝑘 𝑧𝑐𝑏 + 2𝑏𝜆 𝑧𝑐𝑏�̇�𝑐𝑏 +
2
3
𝑏3𝜆�̇� sin 𝜃 cos 𝜃, (3)

and

𝑀𝑐𝑏 =
2
3
𝑏3𝑘 sin 𝜃 cos 𝜃 + 2

3
𝑏3𝜆�̇�𝑐𝑏 sin 𝜃 cos 𝜃 +

2
3
𝑏3𝜆𝑧𝑐𝑏�̇� cos2 𝜃 (4)

for no-uplifting; while for uplifting condition (i.e. when 𝑧𝑐𝑏 − 𝑏 sin |𝜃| <
0)

𝐹𝑐𝑏 = 1
2
𝑏2𝑘 sin 𝜃sgn 𝜃 + 𝑘 𝑧𝑐𝑏

(

𝑏 + 1
2

𝑧𝑐𝑏
sin 𝜃

sgn 𝜃
)

+ 1
2
𝑏2𝜆 �̇�𝑐𝑏 sin 𝜃sgn 𝜃

+𝜆𝑧𝑐𝑏�̇�𝑐𝑏
(

𝑏 + 1
2

𝑧𝑐𝑏
sin 𝜃

sgn 𝜃
)

+ 1
3
𝑏3𝜆�̇� cos 𝜃 sin 𝜃

+1
2
𝜆𝑧𝑐𝑏�̇� cos 𝜃 ×

(

𝑏2 − 1
3

𝑧2𝑐𝑏
sin2 𝜃

)

sgn 𝜃 ,

(5)

and

𝑀𝑐𝑏 = 𝑏3

3
𝑘 cos 𝜃 sin 𝜃 + 1

2
𝑘 𝑧𝑐𝑏 cos 𝜃

(

𝑏2 − 1
3

𝑧2𝑐𝑏
sin2 𝜃

)

sgn 𝜃

+ 𝑏3

3
𝜆�̇�𝑐𝑏 cos 𝜃 sin 𝜃 +

1
4
𝑏4𝜆�̇� sin 𝜃 cos2 𝜃sgn 𝜃

+1
2
𝜆𝑧𝑐𝑏�̇�𝑐𝑏 cos 𝜃

(

𝑏2 − 1
3

𝑧2𝑐𝑏
sin2 𝜃

)

sgn 𝜃

+1
3
𝜆𝑧𝑐𝑏�̇� cos2 𝜃

(

𝑏3 + 1
4

𝑧3𝑐𝑏
sin3 𝜃

sgn 𝜃

)

,

(6)

where sgn (⋅) is the signum function returning the sign of its argument

2.1. Simplification

Eqs. (1) and (2) are coupled, piecewise and nonlinear. However,
since 𝜃 and 𝑧𝑐𝑏 are small in most situations [17], good approximations
can be obtained by assuming that sin 𝜃 ≈ 𝜃, cos 𝜃 ≈ 1 and neglecting
all terms having combined derivative order of 𝜃 and 𝑧𝑐𝑏 greater than
one. Assuming the ground excitation to be horizontal, i.e. �̈�𝑔 = 0, the
equations for no uplifting become

𝑚�̈�𝑐𝑏 + 2𝑏𝜆 𝑧𝑐𝑏�̇�𝑐𝑏 +
2
3
𝑏3𝜆𝜃�̇� + 2𝑏𝑘𝑧𝑐𝑏 = 𝑚𝑔 (7)

and
(

𝐼𝑐 + 𝑚ℎ2
)

�̈� + 2
3
𝑏3𝜆�̇�𝑐𝑏𝜃 +

2
3
𝑏3𝜆𝑧𝑐𝑏�̇� +

2
3
𝑏3𝑘𝜃 − 𝑚𝑔ℎ𝜃 = 𝑚ℎ �̈�𝑔 ; (8)

while during uplifting become

𝑚�̈�𝑐𝑏 + 𝜆 𝑧𝑐𝑏�̇�𝑐𝑏
(

𝑏 + 1
2
𝑧𝑐𝑏
𝜃

sgn 𝜃
)

+ 𝑏2

2
𝜆�̇�𝑐𝑏𝜃sgn 𝜃

+𝜆𝑧𝑐𝑏�̇�
[

𝑏2

2
− 1

6

( 𝑧𝑐𝑏
𝜃

)2
]

sgn 𝜃 + 𝑏3

3
𝜆𝜃�̇�

+ 𝑏2

2
𝑘𝜃sgn 𝜃 + 𝑘𝑧𝑐𝑏

(

𝑏 + 1
2
𝑧𝑐𝑏
𝜃

sgn 𝜃
)

= 𝑚𝑔 ,

(9)

and

(

𝐼𝑐 + 𝑚ℎ2
)

�̈� + 𝑏4

4
𝜆𝜃�̇�sgn 𝜃 + 𝑏3

3
𝜆�̇�𝑐𝑏𝜃 + 𝜆𝑧𝑐𝑏�̇�

[

𝑏3

3
+ 1

12

( 𝑧𝑐𝑏
𝜃

)3
sgn 𝜃

]

+𝜆𝑧𝑐𝑏�̇�𝑐𝑏

[

𝑏2

2
− 1

6

( 𝑧𝑐𝑏
𝜃

)2
]

sgn 𝜃 + 𝑏3

3
𝑘𝜃 + 𝑘𝑧𝑐𝑏

[

𝑏2

2
− 1

6

( 𝑧𝑐𝑏
𝜃

)2
]

sgn 𝜃

−𝑚𝑔ℎ𝜃 = 𝑚ℎ �̈�𝑔 .

(10)

Further simplification of the problem can be achieved by applying
the method of static condensation to Eqs. (7)–(10). In this manner, an
explicit relationship between 𝜃 and 𝑧𝑐𝑏 is obtained satisfying Eqs. (7)
and (9) under static conditions. Thus,

𝑧𝑐𝑏 = 𝑧𝑠𝑡 =
𝑚𝑔
2𝑏𝑘

(11)

for no uplifting, and

𝑧𝑐𝑏 = 𝑧𝑠𝑡 =
−𝑏𝑘𝜃sgn 𝜃 +

√

2𝑚𝑔𝑘𝜃sgn 𝜃
2𝑘

(12)

for uplifting. Note that under static conditions uplifting occurs when
|𝜃| > 𝜃𝑢𝑙, where

𝜃𝑢𝑙 =
|

|

𝑧𝑠𝑡||
𝑏

=
𝑚𝑔
2𝑏2𝑘

(13)

2
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Fig. 1. (a) Block geometry; (b) Rocking block on nonlinear flexible foundation.

Fig. 2. Damping coefficient (a) and spring restoring moment (b), versus rotation angle.

Substituting Eqs. (11) and (12), Eqs. (8) and (9) become, respectively

(

𝐼𝑐 + 𝑚ℎ2
)

�̈� + 𝑏2

3
𝜆
𝑚𝑔
𝑘

�̇� +
( 2
3
𝑏3𝑘 − 𝑚𝑔ℎ

)

𝜃 = 𝑚ℎ �̈�𝑔 , (14)

and

(

𝐼𝑐 + 𝑚ℎ2
)

�̈� +
𝑚𝑔𝑏𝜆
6𝑘2

√

2𝑚𝑔𝑘𝜃sgn 𝜃
𝜃

�̇�sgn 𝜃

+ 𝑚𝑔

(

𝑏sgn 𝜃
𝜃

−

√

2𝑚𝑔𝑘𝜃sgn 𝜃
3𝑘𝜃2

− ℎ

)

𝜃 = 𝑚ℎ �̈�𝑔 . (15)

Eqs. (14) and (15) can be recast in the form

𝑚𝑠𝑑𝑜𝑓 �̈� + 𝐶 (𝜃) �̇� +𝐾 (𝜃) 𝜃 = 𝑚ℎ �̈�𝑔 , (16)

where the effective mass 𝑚𝑠𝑑𝑜𝑓 , the variable damping coefficient 𝐶 (𝜃)
and the variable stiffness 𝐾 (𝜃) are

𝑚𝑠𝑑𝑜𝑓 =
(

𝐼𝑐 + 𝑚ℎ2
)

, (17)

𝐶 (𝜃) =

⎧

⎪

⎨

⎪

⎩

𝑏2

3
𝜆
𝑚𝑔
𝑘

; |𝜃| ≤ 𝜃𝑢𝑙

𝑚𝑔𝑏𝜆
6𝑘2

√

2𝑚𝑔𝑘𝜃sgn 𝜃
𝜃

sgn 𝜃 ; |𝜃| > 𝜃𝑢𝑙

, (18)

and

𝐾 (𝜃) =

⎧

⎪

⎨

⎪

⎩

2
3
𝑏3𝑘 − 𝑚𝑔ℎ; |𝜃| ≤ 𝜃𝑢𝑙

𝑚𝑔

(

𝑏sgn 𝜃
𝜃

−

√

2𝑚𝑔𝑘𝜃sgn 𝜃
3𝑘𝜃2

− ℎ

)

; |𝜃| > 𝜃𝑢𝑙
(19)

Note that Eq. (16) represents a single degree of freedom system which
is linear for |𝜃| ≤ 𝜃𝑢𝑙.

3. Stochastic linearization

Let the horizontal ground acceleration be modeled as a time-
modulated random excitation. That is,

�̈�𝑔 = 𝑞 (𝑡) 𝑣 (𝑡) , (20)

where 𝑣 (𝑡) is a stationary broad-band random process with double-
sided power spectral density (PSD) 𝑆𝑣 (𝜔), and 𝑞 (𝑡) is a deterministic
function used to capture the typical intensity variation of classical
earthquake records. Next, the method of stochastic linearization can be
applied to estimate block response to moderate level random base ex-
citation. To this end, firstly the piecewise variable damping coefficient
𝐶 (𝜃) is rewritten as

𝐶𝑎𝑝𝑝 (𝜃) = 𝑓 (𝜃)𝐶1 (𝜃) + [1 − 𝑓 (𝜃)]𝐶2 (𝜃) , (21)

where 𝐶1 (𝜃) = 𝐶 (𝜃) for |𝜃| ≤ 𝜃𝑢𝑙, 𝐶2 (𝜃) = 𝐶 (𝜃) for |𝜃| > 𝜃𝑢𝑙 in Eq. (18),
and 𝑓 (𝜃) is

𝑓 (𝜃) = 𝑈
(

𝜃 + 𝜃𝑢𝑙
)

− 𝑈
(

𝜃 − 𝜃𝑢𝑙
)

, (22)

where 𝑈 (⋅) is the unit-step function.
Similarly, the piecewise spring restoring moment 𝑀 (𝜃) = 𝐾 (𝜃) 𝜃 is

rewritten as

𝑀𝑎𝑝𝑝 (𝜃) =
{

𝑓 (𝜃)𝐾1 (𝜃) + [1 − 𝑓 (𝜃)]𝐾2 (𝜃)
}

𝜃, (23)

3
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where
𝐾1 (𝜃) = 𝐾 (𝜃) 𝑓𝑜𝑟 |𝜃| ≤ 𝜃𝑢𝑙
𝐾2 (𝜃) = 𝐾 (𝜃) 𝑓𝑜𝑟 |𝜃| > 𝜃𝑢𝑙

(24)

Fig. 2 shows the approximated damping and spring restoring moment
Eqs. (21), (23), vis-à-vis the corresponding exact expressions Eqs. (18),
(19).

Further, substituting Eqs. (20), (21) and (23) into Eq. (16) yields

𝑚𝑠𝑑𝑜𝑓 �̈� + 𝐶𝑎𝑝𝑝 (𝜃) �̇� +𝑀𝑎𝑝𝑝 (𝜃) = 𝑚ℎ 𝑞 (𝑡) 𝑣 (𝑡) , (25)

which is a convenient approximate version of the equation of motion
of the rocking block Eq. (16).

Applying the method of stochastic linearization on Eq. (25), an
equivalent linear system can be introduced as

𝑚𝑠𝑑𝑜𝑓 �̈� + 𝑐𝑒 �̇� + 𝑘𝑒 𝜃 = 𝑚ℎ 𝑞 (𝑡) 𝑣 (𝑡) , (26)

where 𝑐𝑒 and 𝑘𝑒 are the equivalent linear damping and stiffness coeffi-
cients, respectively. Following [29,33], these terms can be determined
by the equations

𝑐𝑒 = E

[

𝜕𝑔
(

𝜃, �̇�
)

𝜕�̇�

]

, (27)

and

𝑘𝑒 = E

[

𝜕𝑔
(

𝜃, �̇�
)

𝜕𝜃

]

, (28)

where E [⋅] is the mathematical expectation operator, and

𝑔
(

𝜃, �̇�
)

= 𝐶𝑎𝑝𝑝 (𝜃) �̇� +𝑀𝑎𝑝𝑝 (𝜃) =
{

𝑓 (𝜃)𝐶1 (𝜃) + [1 − 𝑓 (𝜃)]𝐶2 (𝜃)
}

�̇�

+
{

𝑓 (𝜃)𝐾1 (𝜃) + [1 − 𝑓 (𝜃)]𝐾2 (𝜃)
}

𝜃

(29)

Considering that 𝜃 and �̇� can be approximated as Gaussian processes,
the joint probability density function is given by the equation

𝑝𝜃�̇� = 1
2𝜋𝜎𝜃𝜎�̇�

√

1 − 𝜌2
exp

⎡

⎢

⎢

⎢

⎣

−
(

𝜎2𝜃𝜃
2 − 2𝜎𝜃𝜎�̇�𝜌𝜃�̇� + 𝜎2

�̇�
�̇�2
)

2𝜎2𝜃𝜎
2
�̇�

⎤

⎥

⎥

⎥

⎦

, (30)

where 𝜎𝜃 and 𝜎�̇� are the standard deviations of 𝜃 and �̇�, respectively; 𝜌
is their correlation coefficient. In this manner, the expectation in Eqs.
(27) and (28) can be evaluated leading to the equivalent damping and
stiffness coefficients

𝑐𝑒 =
𝑏2𝑔𝑚𝜆
3𝑘

erf

(

𝜃𝑢𝑙
√

2𝜎𝜃

)

+ 𝑏𝑔𝑚
√

𝑔𝑚𝑘
𝜆
√

𝜃𝑢𝑙
6𝑘2

√

𝜋𝜎𝜃
𝐸3∕4

(

𝜃2𝑢𝑙
2𝜎2𝜃

)

, (31)

and

𝑘𝑒 = −𝑚𝑔ℎ + 𝑏
3𝜎𝜃

√

2
𝜋
exp

(

−
𝜃2𝑢𝑙
2𝜎2𝜃

)

(

3𝑔𝑚 − 2𝑏2𝑘𝜃𝑢𝑙
)

+ 2
3
𝑏3erf

(

𝜃𝑢𝑙
√

2𝜎𝜃

)

−1
6

𝑔𝑚
𝑘
√

𝜋𝜎3𝜃
𝐸1∕4

(

𝜃2𝑢𝑙
2𝜎2𝜃

)

⎡

⎢

⎢

⎣

𝜃𝑢𝑙
√

𝑔𝑚𝑘𝜃𝑢𝑙 +

(

𝜃2𝑢𝑙
𝜎2𝜃

)
3
4

𝜎𝜃
√

𝑔𝑚𝑘𝜎𝜃
⎤

⎥

⎥

⎦

− 1
24

𝑏𝑔𝑚
𝑘2
√

𝜋
𝜆𝜌

𝜎�̇�
𝜎2𝜃

𝐸3∕4

(

𝜃2𝑢𝑙
2𝜎2𝜃

)

⎡

⎢

⎢

⎣

(

𝜃2𝑢𝑙
𝜎2𝜃

)
1
4
√

𝑔𝑚𝑘𝜎𝜃 +
√

𝑔𝑚𝑘𝜃𝑢𝑙
⎤

⎥

⎥

⎦

+
𝑏𝑔𝑚

3𝑘2
√

𝜋
𝜆𝜌

𝜎�̇�
𝜎2𝜃

exp

(

−
𝜃2𝑢𝑙
2𝜎2𝜃

)

(

√

𝑔𝑚𝑘𝜃𝑢𝑙 −
√

2𝑏𝑘𝜃𝑢𝑙
)

.

(32)

Note that in Eqs. (31) and (32) the term 𝐸3∕4

(

𝜃2𝑢𝑙
2𝜎2𝜃

)

is the so-called
exponential integral function 𝐸𝑛 (𝑥) of order 𝑛 = 3∕4, defined as [34]

𝐸𝑛 (𝑥) = ∫

∞

1

exp (−𝑠𝑥)
𝑠𝑛

𝑑𝑠 (33)

Fig. 3. Blocks and base foundation: (a) Marble block configurations; (b) Rigid base
(marble material); (c) Soft base (Aerstop CN20 material).

Table 1
Marble blocks configuration parameters.

Configuration #1 Configuration #2 Configuration #3

2ℎ 0.42 m 0.28 m 0.14 m
2𝑏 0.07 m 0.07 m 0.07 m
ℎ∕𝑏 6 4 2
𝑚 8.67 kg 5.84 kg 2.98 kg
𝜃𝑐𝑟 9.46◦ 14◦ 26.56◦

Table 2
Nonlinear foundation model parameters.

Configuration #1 Configuration #2 Configuration #3

𝑘 𝜆 𝑘 𝜆 𝑘 𝜆

Marble
foundation

2.89 ⋅ 107 8.95 ⋅ 108 6.88 ⋅ 106 1.3 ⋅ 108 6.42 ⋅ 106 1.65 ⋅ 108

Aerstop
CN20
foundation

3.16 ⋅ 106 2.16 ⋅ 108 2.86 ⋅ 106 8.16 ⋅ 107 1.47 ⋅ 106 1.41 ⋅ 107

As it can be seen, these expressions are quite different from those
obtained in [29] for the WFM. This is due to the fact that both a
different foundation model, and different approximate damping and
restoring moment coefficients 𝐶𝑎𝑝𝑝 (𝜃), 𝑀𝑎𝑝𝑝 (𝜃) have been used.

3.1. Solution procedure for modulated white noise excitation

Let 𝑣 (𝑡) in Eq. (20) be a stationary white noise 𝑤 (𝑡) with constant
PSD 𝑆0. Using standard approaches for linear system under white
noise excitation, the stochastic response of the equivalent linear system
Eq. (26) can be determined employing the so-called Lyapunov equation
for the evolution of the covariance matrix. In this regard, Eq. (26) can
be conveniently rewritten in state space notation as

�̇� = 𝐏𝐮 + 𝐯, (34)

where

𝐮 =
[

𝜃 (𝑡)
�̇� (𝑡)

]

, (35)

𝐏 =
[

0 1
−𝑘𝑒∕𝑚𝑠𝑑𝑜𝑓 −𝑐𝑒∕𝑚𝑠𝑑𝑜𝑓

]

, (36)

and

𝐯 =
[

0
𝑚ℎ 𝑞(𝑡)𝑤(𝑡)∕𝑚𝑠𝑑𝑜𝑓

]

(37)

Further, introducing the covariance matrix

𝐂 =

[

𝜎2𝜃 𝜎𝜃�̇�
𝜎𝜃�̇� 𝜎2

�̇�

]

, (38)
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Fig. 4. Configuration #1 on Marble foundation: (a) Rotation angle variance; (b) Angular velocity variance. Stochastic averaging-black lines; MCS-red dashed lines.

where 𝜎𝜃�̇� = 𝜌 𝜎𝜃 𝜎�̇� , its evolution is governed by the Lyapunov equation
as

�̇� = 𝐏𝐂 + 𝐂𝐏𝑇 + 𝐸
[

𝐯𝐯𝑇
]

, (39)

where

𝐸
[

𝐯𝐯𝑇
]

=

[

0 0
0 2𝜋𝑆0

(

𝑚ℎ𝑞(𝑡)∕𝑚𝑠𝑑𝑜𝑓
)2

]

(40)

Note that Eq. (39) is nonlinear. Thus, a numerical integration procedure
is required to determine the evolution of the variances 𝜎2𝜃 and 𝜎2

�̇�
.

3.2. Solution procedure for modulated filtered white noise excitation

Next, let 𝑣 (𝑡) in Eq. (20) be a filtered white noise process. Specifi-
cally, adopting for example the well-known Tajimi–Kanai filtered pro-
cess, commonly utilized in earthquake engineering applications, 𝑣 (𝑡)
can be expresses as

𝑣 (𝑡) = −2𝜁𝑔𝜔𝑔 �̇�𝑔 − 𝜔2
𝑔𝑢𝑔 , (41)

where 𝑢𝑔 (𝑡) is the response of the equation of the filter

�̈�𝑔 + 2𝜁𝑔𝜔𝑔 �̇�𝑔 + 𝜔2
𝑔𝑢𝑔 = 𝑤 (𝑡) , (42)

in which 𝜔𝑔 and 𝜁𝑔 are the soil natural frequency and damping ratio,
respectively, and 𝑤 (𝑡) is a white noise process with constant PSD 𝑆0.

Note that, the PSD 𝑆𝑣 (𝜔) of the process 𝑣 (𝑡) 𝑖𝑠

𝑆𝑣 (𝜔) = 𝑆0
4𝜁2𝑔𝜔

2
𝑔𝜔

2 + 𝜔4
𝑔

(

𝜔2
𝑔 − 𝜔2

)2
+ 4𝜁2𝑔𝜔2

𝑔𝜔2
, (43)

In this manner, the stochastic response of the equivalent linear
system Eq. (26) can be determined again by resorting to the Lyapunov
equation for the evolution of the covariance matrix. In this regard,
taking into account Eqs. (41) and (42), the state space notation in
Eq. (34) of the equivalent linear system Eq. (26) can be utilized, where
in this case

𝐮 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜃 (𝑡)
�̇� (𝑡)
𝑢𝑔 (𝑡)
�̇�𝑔 (𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

, (44)

𝐏 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0

−
𝑘𝑒

𝑚𝑠𝑑𝑜𝑓
−

𝑐𝑒
𝑚𝑠𝑑𝑜𝑓

−𝑞 (𝑡)
𝑚ℎ𝜔2

𝑔

𝑚𝑠𝑑𝑜𝑓
−𝑞 (𝑡)

2𝑚ℎ𝜁𝑔𝜔𝑔

𝑚𝑠𝑑𝑜𝑓
0 0 0 1
0 0 −𝜔2

𝑔 −2𝜁𝑔𝜔𝑔

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (45)

and

𝐯 =

⎡

⎢

⎢

⎢

⎢

⎣

0
0
0

𝑤 (𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

(46)
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Fig. 5. Configuration #1 on Aerstop CN20 foundation: (a) Rotation angle variance; (b) Angular velocity variance. Stochastic averaging-black lines; MCS-red dashed lines.

Next, introducing the covariance matrix

𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜎2𝜃 𝜎𝜃�̇� 𝜎𝜃𝑢𝑔 𝜎𝜃�̇�𝑔
𝜎𝜃�̇� 𝜎2

�̇�
𝜎2
�̇�𝑢𝑔

𝜎2
�̇��̇�𝑔

𝜎𝜃𝑢𝑔 𝜎2
�̇�𝑢𝑔

𝜎2𝑢𝑔 𝜎2𝑢𝑔 �̇�𝑔
𝜎𝜃�̇�𝑔 𝜎2

�̇��̇�𝑔
𝜎2𝑢𝑔 �̇�𝑔 𝜎2�̇�𝑔

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (47)

its evolution is governed by the Lyapunov equation as

�̇� = 𝐏𝐂 + 𝐂𝐏𝑇 + 𝐸
[

𝐯𝐯𝑇
]

, (48)

where

𝐸
[

𝐯𝐯𝑇
]

=

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 2𝜋𝑆0

⎤

⎥

⎥

⎥

⎥

⎦

(49)

Again, note that Eq. (48) is nonlinear, and a numerical integration pro-
cedure is required to determine the evolution of the sought variances
𝜎2𝜃 and 𝜎2

�̇�
.

4. Numerical results

In this section the proposed approach is applied to the case of
rigid blocks on nonlinear foundation model considering both the cases
of time-modulated white noise, and filtered white noise excitation
employing the modulating function [35]

𝑞 (𝑡) = 4
[

exp
(

− 𝑡
4

)

− exp
(

− 𝑡
2

)]

, (50)

which rises rapidly from zero to a unitary peak and then decays
exponentially to zero.

To assess the accuracy of the proposed procedure, stochastic lin-
earization based statistical moments are juxtaposed with the results of
pertinent Monte Carlo simulations (MCS) data, obtained by numerically
integrating the original nonlinear equations of motion Eqs. (1)–(6).
Analyses have been carried out using as parameter values those ob-
tained from the experimental studies in [31]. In this regard, three
different marble block configurations (Fig. 3(a)), and two different
base materials (Fig. 3(b–c)) have been considered to investigate the
influence of block geometries, and foundation material. Specifically,
rigid and soft foundations material have been assumed using a marble
slab and a pad made of Aerstop CN20 material, respectively. Perti-
nent parameters involved in the equations, as determined in [31], are
reported in Tables 1 and 2.

Note that for each case several values of the PSD of the white noise
𝑆0 have been used, which result in uplifting, but no toppling, of the
blocks. Further, quiescent initial conditions have been assumed, and
2000 samples have been used for each MCS.

As far as the case of time-modulated white noise excitation is
concerned, as discussed in Section 3.1, response variances of the pro-
posed approach (black lines) for Configuration #1, determined solving
Eq. (39), are plotted in Figs. 4 and 5 vis-à-vis pertinent MCS results (red
dashed lines). Specifically, in these figures results for rigid marble block
foundation (Fig. 4) and soft foundation made of Aerstop CN20 material
(Fig. 5) are considered. As it can be seen, the proposed procedure
results agree reasonably well with the MCS data for all the chosen
values of 𝑆0.
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Fig. 6. Rotation angle variances for Aerstop-CN20 foundation: (a) Configuration #2; (b) Configuration #3. Stochastic averaging-black lines; MCS-red dashed lines.

Further, analyses for Configurations #2 and #3 are captured in
Fig. 6, considering as foundation the Aerstop-CN20 material. As it can
be seen, again the MCS data (red dashed lines) are in good agreement
with the results of the proposed approach (black lines) for all the values
of 𝑆0.

As far as the case of a horizontal ground excitation modeled as
a time-modulated filtered white noise process is concerned, response
variances of the proposed approach (black lines) for Configurations #2
and #3, determined solving Eq. (48), are plotted in Fig. 7 vis-à-vis
pertinent MCS results (red dashed lines) considering the soft foundation
made of Aerstop CN20 material. Note that, for these analyses three
different values of the PSD of the white noise 𝑆0 have been used,
causing uplifting, but no toppling, of the blocks, while 𝜔𝑔 = 10 rad∕s,
and 𝜁𝑔 = 0.4 have been employed as soil parameters in Eqs. (41)–(43).

As it can be seen in these figure, again the MCS data are in a quite
good agreement with the results of the proposed approach for all the
values of 𝑆0, especially for Configuration #3.

4.1. Survival probability of the blocks

Next, proceed to investigate the response of the blocks to excitations
which are strong enough to cause toppling. Specifically, hereinafter the
horizontal random excitation is modeled as a time-modulated filtered
white noise process as in Eqs. (41)–(43), and a power spectrum of the
Tajimi–Kanai type is assumed. To examine the response of blocks with
different dynamic characteristics (geometric features and foundation
materials), the probability that the blocks will not topple in a prescribed

time frame, i.e. the survival probability of the blocks, is examined.
To this aim MCS analyses have been performed solving the original
nonlinear differential equations Eqs. (1)–(6).

Note that, the PSD 𝑆𝑣 (𝜔) of the form given in Eq. (43) is used to
generate the samples of the stationary random process, using different
typical values of the natural frequency 𝜔𝑔 and damping ratio 𝜁𝑔 of the
soil. For each set of soil parameters 𝜔𝑔 and 𝜁𝑔 , pertinent value of 𝑆0
is used in Eq. (43), so as to keep constant the variance of 𝑆𝑣 (𝜔). In
this manner, it is possible to examine whether spectra with the same
variance but different peak frequencies lead to variations of the survival
probabilities of the blocks depending on their dynamic characteristics.

In this regard Fig. 8 shows the PSDs given in Eq. (43) for three
typical values of 𝜔𝑔 , and pertinent values of 𝑆0 employed in the
numerical analyses.

Further, Fig. 9 shows a comparison among the survival probabilities
of the block Configuration #1 and #2, considering the Aerstop-CN20
foundation material. As it can be seen, the geometric features of the
blocks influence strongly the survival probability of toppling, for all
the values of 𝜔𝑔 used for the PSD 𝑆𝑣 (𝜔). Further, Configuration #1
appears to be much more prone to toppling than Configuration #2;
and this is perhaps due to the fact that the critical angle 𝜃𝑐𝑟 of the
block Configuration #1 is much smaller than the corresponding one
for Configuration #2, as also shown in Table 1. However, while higher
survival probability for Configuration #2 is reached for 𝜔𝑔 = 5 rad∕s,
this value of soil natural frequency leads to the lowest survival proba-
bility for Configuration #1. Therefore, the peak natural frequency also
influences the toppling response of the blocks.
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Fig. 7. Rotation angle variances for Aerstop-CN20 foundation: (a) Configuration #2; (b) Configuration #3. Stochastic averaging-black lines; MCS-red dashed lines.

Fig. 8. Power spectral density of the Tajimi–Kanai type for different soil natural frequency.

Similar analysis has been also carried out considering an identical
block configuration but different foundation materials. In this regard
Fig. 10 shows a comparison among the survival probabilities of the
block Configuration #2, using the rigid marble foundation and the soft
Aerstop-CN20 foundation materials.

As it can be seen in this figure, the survival probability of the
block is also strongly influenced by the foundation material employed,
leading to very different behavior for the same peak natural frequency

of the soil. Specifically, lowest survival probability is reached in the
case of marble foundation with 𝜔𝑔 = 15 rad∕s, while the corresponding
one for Aerstop-CN20 foundation is much higher. Thus, a soft founda-
tion material could be beneficial for avoiding toppling of blocks with
geometrical properties of Configuration #2 in area characterized by
that value of soil natural frequency. On the other hand, as it can be
seen in Fig. 10, the marble foundation leads also to the highest survival
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Fig. 9. Survival probability for Configuration #1 and #2 on Aerstop-CN20 foundation material.

Fig. 10. Survival probability for Configuration #2 on Marble foundation (lines) and Aerstop-CN20 foundation material (lines with circles).

probability, considering a soil with 𝜔𝑔 = 5 rad∕s. Thus, in this case the
soft foundation shows a detrimental counterintuitive effect.

Concluding Remarks

The behavior of a rigid block resting on a flexible foundation and
subjected to a random horizontal shacking has been investigated. For
this purpose, a versatile nonlinear model of the foundation has been
used. The original two piecewise coupled nonlinear equations of motion
have been reduced to one through a static condensation scheme. Specif-
ically, appropriate analytical functions have been used to approximate
the piecewise continuous damping and restoring moment. Further,
modeling the excitation as a time-modulated white noise and filtered
white noise, the stochastic linearization has been used to determine the
evolution of the rotation angle and angular velocity variances. Several
numerical Monte Carlo simulations have been carried out considering
various model parameters selected using pertinent experimental data,
for different kinds of block geometries and foundation materials. The
Monte Carlo data have demonstrated the reasonable efficiency and
reliability of the proposed method. Finally, the survival probability
to toppling of blocks with different dynamic characteristics (geometry
and foundation materials) has been examined by Monte Carlo studies.
Time-modulated filtered white noise excitations possessing a power
spectrum of the Tajimi–Kanai type have been used considering spectra
with the same variance but with different peak frequencies. In this
manner, it has been shown that the probability of toppling of the blocks
depends not only on the block geometry and foundation material, but
also on the soil dynamic parameters which characterize the random
base excitation, hence leading in some cases also to counterintuitive
responses. Thus, if the choice of a foundation material is of interest

for protecting a block from toppling, a thorough numerical analysis, as
the one performed herein, should be carried out to assess properly the
probability of toppling of that specific block.
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